Weak and Strong Convergence of Implicit Iterative Sequences for Nonlinear Operators(Nonlinear Analysis and Convex Analysis) by 厚芝, 幸子
Title
Weak and Strong Convergence of Implicit Iterative Sequences
for Nonlinear Operators(Nonlinear Analysis and Convex
Analysis)
Author(s)厚芝, 幸子




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Weak and Strong Convergence of Implicit Iterative
Sequences for Nonlinear Operators
(Sachiko Atsushiba)
Department of Mathematics,
Shibaura Institute of Technology
1.
$C$ Banach $E$ . $C$ $C$ $T$
(nonexpansive) $x,y\in C$
$\Vert Tx-Ty\Vert\leq\Vert x-y\Vert$
. $F(T)$ $\{x\in C:x=Tx\}$ . (
) ,
. Hilbert
, Xu-Ori [34] $T_{1},$ $T_{2},$ $\ldots,T_{r}$
(implicit iteration process) : $x=x_{0}\in C$ ,
$x_{n}=\alpha_{\mathfrak{n}}x_{n-1}+(1-\alpha_{n})T_{n}x_{n}$ , $n=1,2,$ $\ldots$ . (1)
$\{\alpha_{n}\}$ $0<\alpha_{n}<1$ , $T_{\mathfrak{n}}=T_{n+}$, . Xu-Ori [34]
(1) iteration process Hilbert .
Liu [23] (1) iteration process , Banach ,
$T_{1},T_{2},$ $\ldots,T_{r}$ semicompact
([2, 3, 12, 4, 20, 21, 28, 35] ).
$H$ Hilbert , $C$ $H$ . $C$ $H$
$A$ , $x,y\in C$ ,
$\langle x-y,Ax-Ay\rangle\geq 0$
. $A$ $C$ $H$ . ,
$v\in C$
$(v-u,Au\rangle\geq 0$
, $u\in C$ , $VI(C, A)$ .
$u$ .
, Stampacchia $[26, 27]$ , ,
. Takahashi-Toyoda [31] , $S$ $F(S)$
$VI(C, A)$ , , $F(S)\cap VI(C,A)$
, $F(S)\cap VI(C, A)$ .
, , $F(S)\cap VI(C, A)$ , [12, 4,
31, 34] , inverse-strongly-monotone operator
implicit iteration process . , $F(S)\cap VI(C, A)$
1544 2007 57-66 57
. , Hilbert
([1] ).
Problem 1.1. $E$ Banach , $E$ $E$ . $\langle x, f\rangle$
$x\in E$ $f\in E^{*}$ . $C$ , $A$ $C$ $E$
. $v\in C$
\langle Au, $J(v-u))\geq 0$
$u\in C$ . , $J$ $E$ .
Problem 1.1 $u\in C$ $S(C,A)$ . ,
$S(C,A)=$ {$u\in C$ : $v\in C$ \langle Au, $J(v-u)\rangle\geq 0$}
. , ,
([1, 30] ).
, $[1, 34]$ , Problem 1.1
iteration process $:x_{1}=x\in C$ , $n=1,2,$ $\ldots$ ,
$x_{\mathfrak{n}}=\alpha_{n}x_{n-1}+(1-\alpha_{\mathfrak{n}})Q_{C}(x_{\hslash}-\lambda_{n}Ax_{n})$
$\{x_{n}\}$ . , $Qc$ $E$ $C$ sunny nonexpansive retraction




, $E$ Banach , $E^{\cdot}$ $E$ , $\langle y, x\rangle 1hx\in$
$E^{*}$ $y\in E$ . $x_{n}arrow x$ $\{x_{n}\}$ $x$ ,
$\lim_{narrow\infty}x_{n}=x$ $x_{n}$ $x$ . $x_{n}-x$ $\{x_{n}\}$ $x$
, w- $\lim x_{n}=x$ $x_{\mathfrak{n}}$ $x$ . $N$ $Z^{+}$
, . $R$ $\mathbb{R}^{+}$
, , .
$B_{1}=\{v\in E:||v||=1\}$ . Banach $E$ G\^ateaux
$x,$ $y\in B_{1}$
$\lim_{\ellarrow 0}\frac{\Vert x+ty\Vert-||x\Vert}{t}$ (2)
. , Banach $E$ (smooth) .
$x\in B_{1}$ , (2) $y\in B_{1}$ , Banach
$E$ Fr\’echet . (2) $x,$ $y\in B_{1}$
, Banach $E$ Frechet . ,
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Banach $E$ (uniformly smooth) . Banach $E$
Opial , $E$ $\{x_{n}\}$ $w-\lim_{n}x_{n}=x$
$\lim_{narrow\infty}1x_{n}-x||<\lim_{\piarrow\infty}||x_{n}-y\Vert$
$y\neq x$ $y\in E$ ([25] ). Banach
, $E$ $net\{x_{\alpha}\}$ $w-\lim_{\alpha}x_{\alpha}=x$
$\lim_{\alpha}\Vert x_{\alpha}-x||<\lim_{\alpha}\Vert x_{\alpha}-y||$
$y\neq x$ $y\in C$ ([7] ).
$;Earrow E,$ $x^{\ovalbox{\tt\small REJECT}}\mapsto\{x^{2}\in E^{\cdot} : \langle x, x\rangle=||x||^{2}=||x\Vert^{2}\}$
$E$ Opial . Hilbert , $P(1<P<\infty)$ Opial
([22, 25] ). Lp- $(p\neq 2)$ Opial , Banach
Opial ([17, 25] ).
$\rho:\mathbb{R}^{+}arrow \mathbb{R}^{+}$ $E$ modulus of smoothness :
$\rho(\tau)=\sup\{\frac{1}{2}(||x+y||+\Vert x-y||)-1:x,y\in E, ||x||=1, ||y||=\tau\}$, $\tau\in \mathbb{R}^{+}$ .
Banach $E$ $\lim_{rarrow\infty}\rho(\tau)/\tau=0$
. $q|h1<q\leq 2$ . Banach space
$E$ q-uniformly smooth , $c>0$ , $\tau>0$
$\rho(\tau)\leq c\tau^{q}$ ([14, 32] ). q-uniformly smooth Banach
([14, 15] ).
Lemma 2.1 ([14, 15]). $q$ $1<q\leq 2$ . Banach $E$ q-




(3) $K$ $E$ q-uniformly smoothness constant
([14] ).
$q$ $q>1$ . $x\in E$ , $E$
$2^{B}$
$J_{q}$ (generalized duality maPping) :
$J_{q}(x)=\{x\in E^{t} : (x,x^{*}\rangle=||x||^{q}, ||x||^{q}=||x||^{q-1}\}$ .
$J=\text{ _{}2}$ (normalized duality mapping) . $x\neq 0$
$x\in E$ , $J_{q}(x)=||x||^{q-2}$ $(x)$ . $E$ Hilbert
, $E$ $I$ ( [14, 32] ). Lemma 2.1
([33] ).
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Lemma 2.2 ([33]). $q$ $1<q\leq 2$ , $E$ q-uniformly smooth Banach
. , $x,$ $y\in E$ ,
$\Vert x+y\Vert^{q}\leq\Vert x||^{q}+q\langle y, \text{ _{}q}(x)\rangle+2\Vert Ky\Vert^{q}$ (4)
. $J_{q}$ $E$ generalized duality mapping , $K$ $E$ q-uniformly
smoothness constant .
$C$ Banach $E$ , $K$ $C$ . $C$ $K$
$Q$ sunny , $x\in C$ $t\geq 0$ $Qx+t(x-Qx)\in C$
$Q(Qx+t(x-Qx))=Qx$
. $C$ $K$ $Q$ retraction
$Q^{2}x=Qx$ $x\in C$ . $C$ $K$ sunny
nonexpansive retraction , $K$ sunny nonexpansive retract
. $E$ Hilbert , sunny nonexpansive retraction $E$ $C$
. sunny nonexpansive 1
([30] ).
Lemma 2.3. $E$ Banach , $C$ $E$
. $E$ $C$ retraction $Q_{C}$ sunny nonexpansive
,
$(x-Q_{0}x,$ $(y-Q_{C}x)\rangle\leq 0$
$x\in C$ $y\in K$ . , $E$ $E^{n}$
.
$H$ Hilbert , $C$ $H$ . $C$ $H$
$A$ $inver8e$-strongly-monotone , $\alpha>0$ ,
\langle Ax-Ay, $x-y\rangle$ $\geq\alpha\Vert Ax-Ay||^{2}$
$x,y\in C$ . , $A$ $\alpha$-inver8e-
strongly-monotone ( [16, 24, 31] ). Banach
, Hilbert inverse-strongly-monotone mapping 1
([1] ). $C$ Bannach $E$ , $\alpha>0$
. $C$ $E$ $A$ $x,y\in C$
$(Ax-Ay,$ $(x-y)\rangle\geq\alpha||Ax-Ay||^{2}$ (5)





Lemma 2.4 ([1]). $C$ 2-uniformly smooth Banach $E$
, $\alpha>0$ . $A$ $C$ $E$ $\alpha- inverse$-strongly-accretive operator
$S(C, A)\neq\emptyset$ . $\lambda$ $0<\lambda\leq\alpha/K^{2}$ . ,
$I-\lambda A$ $C$ $E$ . , $K$ $E$ 2-uniformly smoothness
constant .
3. INVERSE-STRONGLY-MONOTONE OPERATOR
$C$ Hilbert $H$ , $\alpha>0$ . $S$ $C$ $C$
, $A$ $C$ $H$ $\alpha- inverse$-strongly-monotone mapping
. Takahashi-Toyoda [31] , $F(S)\cap VI(C,A)$ ,
iteration process : $x_{1}=x\in C$ , $n\in N$ ,
$x_{n+1}=\alpha_{n}x_{n}+(1-\alpha_{n})SP_{C}(x_{\hslash}-\lambda_{n}Ax_{n})$
$\{x_{n}\}$ . , $Pc$ $H$ $C$ , $\{\alpha_{n}\}$ $\{\alpha_{n}\}\subset$
$(0,1)$ , $\{\lambda_{n}\}$ . Takahashi-Toyoda [31]
iteration process , $F(S)\cap VI(C,A)$ .
$F(S)\cap VI(C,A)$ , [31]
, (1) iteration process iteration process
: $x_{1}=x\in C$ , $n\in N$ ,
$x_{\mathfrak{n}}=\alpha_{n}x_{n-1}+(1-\alpha_{\mathfrak{n}})SP_{C}(x_{\mathfrak{n}}-\lambda_{n}Ax_{n})$
$\{x_{n}\}$ . , $\{\alpha_{n}\}$ $\{\alpha_{n}\}\subset(0,1)$ , $\{\lambda_{n}\}$
. [12, 4, 31,34] , $F(S)\cap VI(C, A)$
.
Theorem 3.1. $C$ Hilbert $H$ , $\alpha>0$ . $S$ $C$
$C$ , $A$ $C$ $H$ $\alpha- inverse$-strongly-monotone mapping
$F(S)\cap VI(C, A)\neq\emptyset$ . Pj $H$ $C$
. $x_{1}=x\in C$ , $n\in N$ ,
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})SP_{C}(x_{n}-\lambda_{n}Ax_{n})$
$\{x_{n}\}$ . , $\{\lambda_{n}\}$ $a,$ $b\in(0,2\alpha)$ $a,$ $b$ ,
$\{\lambda_{n}\}\subset[a, b]$ , $\{\alpha_{n}\}$ { $\alpha\sim\subset(0,1)$ $\alpha_{\hslash}arrow 0$ .
, $\{x_{n}\}$ $F(S)\cap VI(C, A)$ $z$ . $z= \lim_{narrow\infty}P_{F(S)\cap VI(C,A)}x_{n}$
.
[12, 4, 31, 34] , .
Theorem 3.2. $C$ Hilbert $H$ , $\alpha>0$
. $S$ $C$ $C$ , $A$ $C$ $H$ $\alpha- inverse$-strongly-monotone




$\{x_{n}\}$ . , $\{\lambda_{n}\}$ $a,$ $b\in(0,2\alpha)$ $a,$ $b$ ,
$\{\lambda_{\mathfrak{n}}\}\subset[a, b]$ , $\{\alpha_{\mathfrak{n}}\}$ $\{\alpha_{n}\}\subset(0,1)$ $\alpha_{n}arrow 0$ .
, $\{x_{\mathfrak{n}}\}$ $F(S)\cap VI(C, A)$ $z$ . $z= \lim_{narrow\infty}P_{F(S)\cap VI(C,A)}x_{\mathfrak{n}}$
.
4. $INVERSE-STRONGLY$-ACCRETIVE OPERATOR $\}^{}.$
, inverse-strongly-accretive operator Opial
2-uniformly smooth Banach , 2-uniformly smooth Banach
. .
Lemma 4.1. $C$ Banach $E$ , $Q_{Q}$ $E$ $C$
sunny nonexpansive retraction . $\alpha>0$ . $A$ $C$ $E$ $\alpha$-inverse-
strongly-accretive operator $S(C,A)\neq\emptyset$ . $x_{1}=x\in C$ ,
$n\in N$ ,
$x_{\hslash}=\alpha_{\hslash}x_{n-1}+(1-\alpha_{n})Q_{C}(x_{\mathfrak{n}}-\lambda_{n}Ax_{n})$
$\{x_{n}\}$ . , $\{\lambda_{n}\}$ $a\in(0,2\alpha)$ $a$ $\lambda_{n}\in$
$[a,\alpha/K^{2}]$ , $\{\alpha_{n}\}$ $\alpha_{n}\in(0,1)$ . , $u\in$
$S(C,A)$ , $\Vert x_{n+1}-u\Vert\leq\Vert x_{n}-u\Vert$ , $\lim_{n}||x_{n}-u\Vert$ .
Banach .
Theorem 4.2 ([13]). $C$ Opial 2-uniformly smooth Banach $E$
, $\alpha>0$ . $A$ $C$ $E$ $\alpha- inverse$-strongly-
accretive operator $S(C, A)\neq\emptyset$ . $Q_{C}$ $E$ $C$ sunny
nonexpansive retraction . $x_{1}=x\in C$ , $n\in N$ ,
$x_{\mathfrak{n}}=\alpha_{n}x_{n-1}+(1-\alpha_{n})Q_{C}(x_{n}-\lambda_{n}Ax_{n})$
$\{x_{\mathfrak{n}}\}$ . , $\{\lambda_{\mathfrak{n}}\}$ $a\in(O, 2\alpha)$ $a$ , $\{\lambda_{n}\}\subset$
$[a,\alpha/K^{2}]$ , $\{\alpha_{n}\}$ $\{\alpha_{n}\}\subset(0,1)$ $\alpha_{\hslash}arrow 0$ .
, $\{x_{n}\}$ $S(C,A)$ $z$ .
Proof. $y_{n}=Q_{C}(x_{n}-\lambda_{n}Ax_{n})$ . $\{x_{n}\}$ $\{y_{n}\}$ . $\{x_{n}\}$
$x_{n_{1}}arrow z$ . $\{x_{n}\}$ ,
$||x_{n}-y_{n}||=\alpha_{n}||x_{n-1}-y_{n}||$ .
. , $\{\alpha_{n}\}$ $||x_{n}-y_{\hslash}||arrow 0$ . $a>0$ , $\lambda_{\mathfrak{n}:}\subset$
$[a,\alpha/K^{2}]$ $\{\lambda_{4}\}$ , $\{\lambda_{\hslash:}\}$ $\{\lambda_{n_{1j}}\}$ $\lambda_{0}\in[a,\alpha/K^{2}]$
. , $\lambda_{\hslash 1}arrow\lambda_{0}$ . . $z\in S(C,A)$
. $Qc$ , $y_{n:}=Q_{C}(x_{n_{i}}-\lambda_{n:}Ax_{\hslash 1})$ ,




. , $M= \sup\{\Vert Ax_{n}\Vert :n=1,2, \ldots\}$ . $\{\lambda_{n:}\}$
,
$\lim_{\hslasharrow\infty}||Q_{C}(x_{\hslash_{i}}-\lambda_{0}Ax_{n}:)-x_{\mathfrak{n}}:\Vert=0$ (8)
. , [1] $z\in F(Q_{C}(I-\lambda_{0}A)=S(C, A)$ .
, $\{x_{n}\}$ $S(C, A)$ . $x_{n:}$ $x_{n_{j}}$ $\{x_{n}\}$
, $x_{n_{1}}arrow z_{1},x_{\hslash_{j}}-\Delta z_{2}$ . $z_{1},z_{2}\in$
$z\in S(C,A)$ . $z_{1}=z_{2}$ . $z_{1}\neq z_{2}$ .




$< \lim_{jarrow\infty}\Vert x_{n_{j}}-z_{1}||=\lim_{jarrow\infty}\Vert x_{n}-z_{1}\Vert$ .
, . $z_{1}=z_{2}$ .
, $\{x_{n}\}$ $S(C, A)$ .
, 2-uniformly smooth Banach inverse-strongly-accretive operator
.
Theorem 4.3 ([13]). $C$ 2-uniformly smooth Banach $E$
, $\alpha>0$ . $A$ $C$ $E$ $\alpha- inverse$-strongly-accretive operator
. $Q_{C}$ $E$ $C$ sunny nonexpansive retraction . $x_{1}=x\in C$
, $n\in N$ ,
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})Q_{C}(x_{n}-\lambda_{n}Ax_{\hslash})$
$\{x_{n}\}$ . , $\{\lambda_{n}\}|ha\in(O, 2\alpha)$ $a$ , $\{\lambda_{n}\}\subset$
$[a,\alpha/K^{2}]$ , $\{\alpha_{n}\}$ $\{\alpha_{n}\}\subset(0,1)$ $\alpha_{n}arrow 0$ .
, $\{x_{n}\}$ $S(C, A)$ $z$ .
Proof. $y_{n}=Q_{0}(x_{n}-\lambda_{n}Ax_{n})$ . $\{x_{n}\}$ $\{y_{n}\}$ . $C$
, $\{x_{n}\}$ $x_{n_{i}}arrow z$ . $\{x_{n}\}$ ,
$\Vert x_{n}-y_{n}\Vert=\alpha_{n}||x_{n-1}-y_{n}\Vert$ .
. , $\{\alpha_{n}\}$ $||x_{\hslash}-y_{\hslash}\Vertarrow 0$ . $a>0$ , $\lambda_{4}\subset$
$[a, \alpha/K^{2}]$ $\{\lambda_{b}\}$ , $\{\lambda_{n:}\}$ $\{\lambda_{n:}.\}$ $\lambda_{0}\in[a,\alpha/K^{2}]$
. , $\lambda_{n}:arrow\lambda_{0}$ . . $z\in S(C,A)$
. $Qc$ , $y_{4}=Q_{C}(x_{n:}-\lambda_{n}:Ax_{n}:)$ ,
$||Q_{C}(x_{b}-\lambda_{0}Ax_{n_{1}})-x_{n}:||\leq M|\lambda_{n:}-\lambda_{0}|+||y_{n_{1}}-x_{n}:||$ (9)
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. , $M= \sup\{\Vert Ax_{n}\Vert :n=1,2, \ldots\}$ . $\{\lambda_{\iota_{1}}\}$
,
$\lim_{narrow\infty}\Vert Q_{C}(x_{n_{i}}-\lambda_{0}Ax_{n_{i}})-x_{n_{i}}\Vert=0$ (10)
. , [1] $z\in F(Q_{C}(I-\lambda_{0}A)=S(C,A)$ .
Lemma 4.1 \ddagger ,
$\lim_{narrow\infty}||x_{n}-z\Vert=|arrow\infty!im\Vert x_{n_{1}}-z||=0$
. , { $x$ $S(C, A)$ .
(Theorem 4.2) . $C$ Banach $E$
, $\alpha>0$ , $\beta>0$ . $C$ $E$ operator $A$
$\alpha$-strongly-accretive , $x,y\in C$
$\langle Ax-Ay)J(x-y)\rangle\geq\alpha||x-y||^{2}$
. , $E$ $E^{t}$ . $C$ $E$
$A$ $\beta$-Lipschitz continuous , $x,y\in C$
$\Vert Ax-Ay\Vert\leq\beta\Vert x-y\Vert$
. $\alpha- strongly$-accretive $\beta$-Lipschitz continuous operator
$\alpha/\beta^{2_{-}}inverse$-strongly-accretive . , $k\in[0,1$ ) . $C$
$C$ $T$ k-strictly pseudocontractive , $x,y\in C$
, $j(x-y)\in$ $(x-y)$ ,
(Tx-Ty, $j(x-y)\rangle$ $\leq\Vert x-y\Vert^{2}-\frac{1-k}{2}\Vert(I-T)x-(I-T)y\Vert^{2}$
. $I-T$ $C$ $E$ $(1-k)/2- inverse- strongly$-accretive
. Theorem 4.2 $\alpha- strongly$-accretive
$\beta$-Lipschitz continuous .
Theorem 4.4. $C$ Opial 2-uniformly smooth Banach $E$
, $\alpha>0$ , $\beta>0$ . $A$ $C$ $E$ $\alpha$-strongly-
accretive $\beta$-Lipschitz continuous , $S(C, A)\neq\emptyset$ . $Qc$ $E$
$C$ sunny nonexpansive retraction . $x_{1}=x\in C$ , $n\in N$
,
$x_{n}=\alpha_{n}x_{n-1}+(1-\alpha_{n})Q_{C}(x_{\hslash}-\lambda_{n}Ax_{n})$
$\{x_{\hslash}\}$ . , $\{\lambda_{n}\}$ $a\in(0,2\alpha/\beta^{2})$ $a$ ,
$\{\lambda_{n}\}\subset[a,\alpha/\beta^{2}K^{2}]$ , $\{\alpha_{n}\}$ $\{\alpha_{n}\}\subset(0,1)$ $\alpha_{\hslash}arrow 0$




Theorem 4.5. $E$ Opial 2-uniformly smooth Banach , $\alpha>0$
. $A$ $E$ $E$ inverse-strongly-accretive operator $A^{-1}0=\{u\in E$ :
$Au=0\}\neq\emptyset$ . $x_{1}=x\in E$ , $n\in N$ ,
$x_{n}=\alpha_{\mathfrak{n}}x_{n-1}+(1-\alpha_{\mathfrak{n}})(x_{n}-\lambda_{n}Ax_{n})$
$\{x_{n}\}$ . , $\{\lambda_{n}\}12a\in(0,2\alpha)$ $a$ , $\{\lambda_{\hslash}\}\subset$
$[a,\alpha/K^{2}]$ , $\{\alpha_{n}\}$ $\{\alpha_{n}\}\subset(0,1)$ $\alpha_{n}arrow 0$ .
, $\{x_{n}\}$ $z\in A^{-1}0$ .
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